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1. Introduction 



Abstract. W. A. Moens proved that a Lie algebra is nilpotent if and only if it admits an invertible 
Leibniz-derivation. In this paper we show that with the definition of Leibniz-derivation from |17| the 
similar result for non Lie Leibniz algebras is not true. Namely, we give an example of non nilpotent 
Leibniz algebra which admits an invertible Leibniz-derivation. In order to extend the results of 
paper 1171 for Leibniz algebras we introduce a definition of Leibniz-derivation of Leibniz algebras 
which agrees with Leibniz-derivation of Lie algebras case. Further we prove that a Leibniz algebra is 
nilpotent if and only if it admits an invertible Leibniz-derivation. Moreover, the result that solvable 

■ radical of a Lie algebra is invariant with respect to a Leibniz-derivation was extended to the case of 
Leibniz algebras. 
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In 1955, Jacobson [TT] proved that a Lie algebra over a field of characteristic zero admitting a 
non-singular (invertible) derivation is nilpotent. The problem, whether the inverse of this statement is 
correct, remained open until work [5], where an example of an nilpotent Lie algebra, whose derivations 
are nilpotent (and hence, singular), was constructed. Such types of Lie algebras are called character- 
istically nilpotent Lie algebras. 

The study of derivations of Lie algebras lead to appearance of natural generalization - pre-derivations 

■ of Lie algebras [16] . In [2] it is proved that Jacobson's result is also true in terms of pre-derivations. 
Similar to the example of Dixmier and Lister [8] several examples of nilpotent Lie algebras, whose 
pre-derivations are nilpotent were presented in [2J, 0]. Such Lie algebras are called strongly nilpotent 

In paper [17 a generalized notion of derivations and pre-derivation of Lie algebras is defined as 

Leibniz-derivation of order k. In fact, a Leibniz-derivation is a derivation of a Leibniz fc-algebra 

constructed by Lie algebra [6]. 

Below we present the characterization of nilpotency for Lie algebras in terms of Leibniz-derivations. 
• 

Theorem 1.1. [17 A Lie algebra over a field of characteristic zero is nilpotent if and only if it has 
an invertible Leibniz-derivation. 

Leibniz algebras were introduced by Loday in |13j-|14) as a non- antisymmetric version of Lie algebras. 
Many results of Lie algebras are extended to Leibniz algebras case. Since the study of derivations and 
automorphisms of a Lie algebra plays essential role in the structure theory, the natural question arises 
whether the corresponding results for Lie algebras can be extended to more general objects. 

In [12] it is proved that a finite dimensional complex Leibniz algebra admitting a non-singular 
derivation is nilpotent. Moreover, it was shown that similarly to the case of Lie algebras, the inverse of 
this statement does not hold and the notion of characteristically nilpotent Lie algebra can be extended 
for Leibniz algebras [18] . 

In this paper we show that if we define Leibniz-derivations for Leibniz algebra as in |17j . then 
Theorem 1 1 . 1 1 does not hold. In order to avoid the confusion we need to modify the notion of Leibniz- 
derivation for Leibniz algebras. 

Recall, in the definition of Leibniz-derivation of order k for Lie algebras the fc-ary bracket is defined as 
multiplication of k elements on the left side. For the case of Leibniz algebras we propose the definition 
of Leibniz-derivation of order k as fc-ary bracket on the right side. Due to anti-commutativity of 
multiplication in Lie algebras this definition agrees with the case of Lie algebras. 



The research of the first author was partially supported by the grant OTKA K77757. 

1 



2 



ALICE FIALOWSKI, A.KH. KHUDOYBERDIYEV AND B.A. OMIROV 



Note that a vector space equipped with right sided fc-ary multiplication is not a Leibniz fc-algebra 
defined in [6], For Leibniz-derivation of Leibniz algebra we prove the analogue of Theorem 1 1.1 1 for finite 
dimensional Leibniz algebras over a field of characteristic zero. 

Through the paper all spaces an algebras are assumed finite dimensional. 

2. Preliminaries 

In this section we present some known facts about Leibniz algebras and Leibniz n-algebras. 

Definition 2.1. A vector space L over a field F with a binary operation [— , — ] is a (right) Leibniz 
algebra, if for any x,y,z G L the so-called Leibniz identity 

[x, [y,z]} = [[x,y],z] - [[x,z],y] 

holds. 

Every Lie algebra is a Leibniz algebra, but the bracket in a Leibniz algebra needs not to be skew- 
symmetric. 

For a Leibniz algebra L consider the following central lower and derived sequences: 

L l = L, L k+1 = [L k ,L 1 ], fc>l, 

ln = i, ti s +v = [L W ,L W ], s>l. 

Definition 2.2. A Leibniz algebra L is called nilpotent (respectively, solvable), if there exists p G N 
(q e N) such that L p = (respectively, L M =0). 

Levi's theorem, which has been proved for left Leibniz algebras in [3], is also true for right Leibniz 
algebras. 

Theorem 2.3. (Levi's Theorem). Let L be a Leibniz algebra over a field of characteristic zero and R 
be its solvable radical. Then there exists a semisimple subalgebra He S of L, such that L — S+R. 

The following theorem from linear algebra characterizes the decomposition of a vector space into 
the direct sum of characteristic subspaces. 

Theorem 2.4. [15j Let A be a linear transformation of the vector space V. Then V decomposes 
into the direct sum of characteristic subspaces V — V\ t © V\ 2 © • ■ • © V\ k with respect to A, where 
V\ ( — {x G V | (A — \I) (x) — for some k G N} and Xi, 1 < i < k, are eigenvalues of A. 

In Leibniz algebras a derivation is defined as follows 

Definition 2.5. A linear transformation d of a Leibniz algebra L is a derivation if for any x,y G L 

d([x,y}) = [d(x),y] + [x,d(y)]. 

Consider for an arbitrary element x G L the operator of right multiplication R x : L L, defined 
by R x (z) = [z, x]. Operators of right multiplication are derivations of the Leibniz algebra L. The set 
R(L) = {R x | x G L] is a Lie algebra with respect to the commutator, and the following identity holds: 

R x R y — R y R x = R[ y ,x]- (2-1) 

A subset S of an associative algebra A over a field F is called a weakly closed subset if for every pair 
(a, b) G S x S there is an element 7( a ,fc) G F such that ab + 7( a ,h)&a G S. 
We will need the following result concerning weekly closed sets 

Theorem 2.6. [TT] Let S be a weakly closed subset of the associative algebra A of linear transformations 
of a vector space V over F. Assume that every W G S is nilpotent, that is, W k = for some positive 
integer k. Then the enveloping associative algebra S* of S is nilpotent. 

The classical Engel's theorem for Lie algebras has the following analogue for Leibniz algebras. 

Theorem 2.7. 1 A Leibniz algebra L is nilpotent if and only if R x is nilpotent for any x G L. 

The following Theorem generalizes Jacobson's theorem to Leibniz algebras. 

Theorem 2.8. [12) Let L be a complex Leibniz algebra which admits a non-singular derivation. Then 
L is nilpotent. 

The next example presents n-dimensional Leibniz algebra possessing only nilpotent derivations. 
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Example 2.9. Let L be an n- dimensional Leibniz algebra and let {e±, e 2 , ■ ■ ■ , e„} be a basis of L with 
the following table of multiplication: 

[ei,ei] = e 3 . 

[e i; ei] = e i+ i, 2 < i < n - I, 
[ei, e 2 ] = e 4 , 

[ei,e 2 ] = e l+2 , 2 < i < n - 2, 

(omitted products are equal to zero). 

Using derivation property it is easy to see that every derivation of L has the following matrix form: 

\ 



/ 








<*3 


«4 


a 5 . 




a„ 












«4 


a 5 . 


a n -i 















0.3 




fln-2 


ln-1 
















. 





«3 


\ 














. 









Thus, every derivation of L is nilpotent, i.e., L is characteristically nilpotent. 

Let us give the definition of Leibniz rt-algebras. 

Definition 2.10. [5] A vector space C with an n-ary multiplication [—, — , — ] : £® n — > C is a Leibniz 
n-algebra if it satisfies the following identity: 



[[xi,x 2 , ■ ■ .,x n ],y 2 , ■ .. ,y n ] = y^\xx,. . .,Xi-i, [xi,y 2 , ■ ■ .,y n ],x i+1 . 



(2.2) 



i=l 



Let L be a Leibniz algebra with the product [—,—]. Then the vector space L can be equipped with 
a Leibniz n-algebra structure with the following product: 

[x 1 ,x 2 ,...,x n ] = [xi, [x 2 , ■ ■ ■ , [x n -i,x n ]]\. 

Definition 2.11. A derivation of a Leibniz n-algebra C is a 'K-linear map d : C —> C satisfying 

n 

d([xi,x 2 , . . .,x n ]) = }Jxi,. . .,d(xi), . . .,x n ]. 

i=l 

The notion of Leibniz-derivation of Lie algebra was introduced in |17j and it generalizes the notions 
of derivation and pre-derivation of Lie algebra. 

Definition 2.12. A Leibniz- derivation of order n for a Lie algebra G is an endomorphism P of G 
satisfying the identity 

P([xi, [x 2 , • • • , £„]]]) = [-P(xi), [x 2 , . . . , [x n _i,x„]]] + 

+[xi, [P(x 2 ), . . . , [x n _i,x n ]]] H h [xi, [x 2 , . . . , [x„_i,F(x„)]]] 

for every x\ , x 2 , . . . , x n 6 G. 

In other words, a Leibniz-derivation of order n for a Lie algebra G is a derivation of G viewed as a 
Leibniz n-algebra. 



3. Leibniz-derivation of Leibniz algebras 

The following example shows that Definition l2.12l is not substantial for the case of Leibniz algebras. 

Example 3.1. Let R be an (n + 1)- dimensional solvable Leibniz algebra and {ei, e 2 , . . . , e„, e n +i } be 
a basis of R with the table of multiplication given by 



[ei,eij = e 3 , 

n-l 

[ei, e„+i] — e 2 + J] aid, 

i=4 



[ej,ei] = e i+ i, 2 < i < n - 1, 

n-l 

[e 2 ,e n+ i] = e 2 + a i e n 

i=4 



[ei, e n+ i] = e, ; + J] a 3 _i +2 ei, 3 < i < n, 
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It is easy to see that [R, [R,R]] — 0. For the identity map d we have 

= d{[x, [y, z]}) = [d{x), [y, z]] + [x, [d{y),z]] + [x, [y, d(z)]] = 0. 

Therefore, the invertible map d satisfies the condition of Definition I2.12[ but the Leibniz algebra R 
is not nilpotent, i.e. analogue of Theorem 11.11 for Leibniz algebras is not true. 



Remark 3.2. The Example \3. 1\ can be extended for any non nilpotent solvable Leibniz algebra L such 
that L 2 lies in the right annihilator of L. 

Let us introduce n-ary multiplication as follows 

[xi,X2, ■ ■ ■ ,x n ]r = [[[xi,x 2 ],x 3 ] . . . ,x n ]. 

The next example shows that, in general, a vector space equipped with defined n-ary multiplication 
[xi,x 2 , ■ ■ • , x n ]r is not a Leibniz n-algebra. 

Example 3.3. Let R be a solvable Leibniz algebra and let {ei, e 2 , . . . , e n , x} be a basis of R such that 
multiplication table of R in this basis has the following form [7] : 

[ei,ei] = e i+ i, 1 < i < n - 1, 
[x,ei] = ei, 

[e^, x] = — iei, 1 < i < n. 

It is not difficult to check that the vector space R with k-ary multiplication [xi,X2, ■ • ■ , Xk] r does not 
define Leibniz k-algebra structure. Indeed, we have 



[[ei,ei,...,ei] r ,x, . . . ,x] r = [■■•[[[■•■ [[ei, ei], ei], ei,] x],x], ... ,x] = [. . . [[e k , x], x], . . . , x] = (-fc) fe 1 

k — times k — 1— times k—1— times 

On the other hand 

k k 

y^[ei, . . ■ , ei, jei, x, . . . , x\ r , ei, . . . , e x ] r = / J[ei, ■ • ■ , e%, (-l) k ~ 1 ei , ei, . . . , ei] r = 

i—th i — th 

k k 

= ^[ ■■■[[e 1 ,e 1 ],e 1 ],...,ei ] = (— l) fe_1 ^ e k = (-l)^ 1 ^. 

i=i v ~? ' i=i 

k— times 

Hence identity (2.2) does not hold for k > 3. 

Now we define the notion of Leibniz-derivation for Leibniz algebras. 

Definition 3.4. A Leibniz- derivation of order n € N for a Leibniz algebra L is a K-linear map 
d : L — > L satisfying 

n 

}r) = ^[Xl, ■ ■ ■,d{x l ), . . . 
i=l 

Proposition 3.5. For Lie algebras Definition \3.4\ agrees with Definition ] 2. 1 21 
Proof. Let L be a Lie algebra, then we have 

P([Xi, [x 2 , • ■ • , [x n _l,X„]]]) = (-l)"P([[[x„, X„_i], . . . , X 2 ],Xl]) = (-l) n P([x n ,X„_l, . . . , Xi] r ). 

On the other hand, 

[P(x x ), [x 2 , ■ • ■ , [x„_i,x„]]] + [x x , [P(x 2 ), . . . , [x„_i,x„]]] H h [xi, [x 2 , . . . , [x n _!,P(x„)]]] = 

= (-in[[z„,x„-i], ■ • . ,x 2 ],P(x 1 )]+(-l)"[[[x„,x„_ 1 ], . . .,P(x 2 )],Xi]+- ■ M-WMxn-l], 
= (-1)" ([x„,x„_i, . . . ,x 2 ,P(xi)] r + [x„,x„_i, . . . ,P(x 2 ),xi] r H h [P(x n ),x n _i,. . . ,X 2 ,Xl] r ) = 

n 

This implies the equality 

P([xi, [x 2 , . . . , [x„_i,x n ]]]) = [P(xi), [x 2 , . . . , [x n _i,x n ]]]+ 
+ [xi, [P(x 2 ), . . . , [x„_i,x n ]]] H h [xi, [x 2 , . . . , [x„_i,P(x„)]]], 
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which is equivalent to 



P( [^n ; *^n — 1 ) • • • ) *^l]r ) ^ ^ \p*n ) • • * i ) j ■ • ■ j r 



i=l 



Relabeling a:, with x n+ \-i for 1 < i < n we complete the proof of the proposition. 



□ 



Let LDer n {L) denote the set of all Leibniz-derivations of order n for a Leibniz algebra L and let 
LDer(L) be the set of all Leibniz-derivations, i.e. LDer(L) = {J neN LDer n (L). 

Note that a Leibniz derivation of order 2 is a derivation. Moreover, any derivation is a Leibniz- 
derivation of any order n. Thus, the order of a Leibniz-derivation is not unique. 

Lemma 3.6. The following statements are true 

1) If s,t € N and s\t, then LDer s+1 (L) C LDer t+1 (L); 

2) for any k, I S N, LDer k (L) n LDen(L) C LDer k+ i-x. 



Proof. The proof is similar to that of Lemma 2.3 |17j . 



□ 



Similarly to the case of Lie algebras we call a Leibniz-derivation of order 3 a pre-derivation of Leibniz 
algebra. A nilpotcnt Leibniz algebra is called strongly nilpotent if all its Leibniz pre-derivations are 
nilpotent. 

Note that a strongly nilpotent Leibniz algebra is characteristically nilpotent, but the inverse is not 
true in general. 



Example 3.7. Any pre-derivation of the characteristically nilpotent Leibniz algebra in Examvle \2.9\ 
with n = 6 have the matrix form: 



\ 



«1 


a i 


«3 


0,4 


a-5 


«6 





2ai 


a 3 


CL4 


h 


b 6 








3ai 


-ai + a 3 




C6 











4ai 


2ai + a 3 


r/ 4 














5ai 


ai + a 3 

















6ai 



Thus, this Leibniz algebra is not strongly nilpotent. 

Proposition 3.8. The Leibniz algebra L in Examvle \2.9\ is strongly nilpotent ifn>6. 

Proof. Let d : L — » L be a pre-derivation of L. 
Put 

n n n 

d i e i) = 5Z° iei ' rf ( e2 ) = ^hei, d(e 3 ) = ^aej. 

i—1 i—1 i—1 

Consider the property of pre-derivation 

n-2 

d(e 4 ) = d([e!,ei,ei] r ) = (3ai + a 2 )e 4 + (a 3 + 2a 2 )e 5 + ^ a. t e l+2 . 
On the other hand, 



i=4 



d(e 4 ) = d([e 2 , ex, ei] r ) = (2a x + 6i + fo 2 )e 4 + (^3 + 2a 2 )e 5 + &ie i+2 . 

i=4 

Comparing coefficients of basis elements we have 

b\ + bi = a\ + a 2 , 6^ = aj, 3 < i < n — 2. 
The equality d([ei, ei, e 3 ] r ) = implies — cie 4 + c 2 es, hence c\ = c 2 = 0. 
The chain of equalities 

n— 3 

&ie 4 + (2ai + a 2 + 6 2 )e 5 + (a 3 + a 2 )e 6 + aje i+ 3 = d([ei, e 2 , ei] r ) 

: 1 

n-2 

d(e 5 ) = d([e 3 , e x , ei] r ) = (2ai + c 3 )e 5 + (2a 2 + c 4 )e 6 + ^ c i e i+2- 

i=5 
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deduce 

b\ = 0, c 3 = a 2 + b 2l c 4 = a 3 — a 2 , Cj = Oi_i, 4 < i < n - 2. 
From the equalities 

n— 4 



(3oi + 3a 2 )e 6 + 2J aie i+4 = d([ei, e 2 , e 2 ] r ) = <2(e 6 ) = 

i=3 

n— 4 

rf([e 4 , ei, ei] r ) = (5ai + a 2 )e 6 + (4a 2 + a 3 )e 7 + aje i+4 



we get ai = a 2 = 0. 

Since 62 = o-i + a 2 and c 3 = a 2 + b 2 , we have 62 = c 3 = 0. 
Thus we obtain 



n — 3 



rf ( e l) = J! fliei ' rf ( 62 ) = a%ei + fo n-l e "-l + 6 ™ e ™' ^( e 3) = 51 aiei +! + c n~l e n~l + C n e r , 



i=3 



i=3 



i=3 



Finally, from the expression d([ei-2, ei, e±\ r ) we derive 

d{e t ) = a 3 e i+ i + a 4 e l+2 H h a„ +2 _je„, i > 4 

which completes the proof of Proposition. 



□ 



Below we present 7- and 8-dimensional characteristically nilpotent Leibniz algebras, which are not 
strongly nilpotent. 

Example 3.9. The 7 -dimensional Leibniz algebra with table of multiplication: 

[ei,ei] = e 3 , 

[e i; ei] = e i+ i, 2 < i < 6, 

[ei, e 2 ] = e 4 - 2e 5 , 
[e,, e 2 ] = e i+2 - 2e i+3 , 2 < i < 4, 
[65, e 2 ] = e 7 

zs characteristically nilpotent, but not strongly nilpotent. 

Example 3.10. The 8-dimensional filiform Leibniz algebra with table of multiplication: 



2 < i < 6, 



[ei,ei] 


= £3, 




[e,-,ei] 


= 




[ei,e 2 ] 


= e 4 - 


2e 5 + 5e 6 , 


* [e l; e 2 ] 


= e i+2 


- 2e i+ 3 + 


[e5,e 2 ] 


= e 7 - 


2e 8 


[ee,e 2 ] 


= e 8 





zs characteristically nilpotent, but not strongly nilpotent. 

Following the proofs of Lemmas in [5] and [5] for derivations of Lie and Leibniz n-algebras respec- 
tively, we get the following statement for Leibniz-derivations of order n of Leibniz algebras. 

Lemma 3.11. For a Leibniz- derivation d : L — > L of order n of a Leibniz algebra L over a field of 
characteristic zero, the following formula holds for any k £ N: 



d k ([x 1 ,...,x n ] r ) = 

*i+«2H \-i n — k 



k\ 



ix\i 2 \ ...1 



— [d ll ( Xl ),d 12 (X 2 ),...,d l "(x n )} r 



(3.1). 
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4. Nilpotent Leibniz algebras 

Starting with a Leibniz algebra L, we denote the n-ary algebra with multiplication [—,—,..., —] r 
by C n (L). A subalgebra I is called an n- ideal of L or an ideal of C n (L), if it satisfies 

n 

Y^[L,...,I,...,L] r CI. 

i=l 

Let M be any Leibniz subalgebra of L. Consider the following sequences: 

4(M) = M, C k +\M) = [4(M), M, . . . , M] r , fc > 1, 

(M) = M, 4+ 1 ! (M) = [rW (M), £M (M ) . . . , (M)U a>l. 

Definition 4.1. ^4 Leibniz algebra L is called n-nilpotent (n-solvable) if there exists a natural number 
p G N (q G N) aucfc too* = =0). 

Lemma 4.2. Let M be an ideal of L. The following inclusions are true 

4* 1 (M ) C M W , C k (M) C M fe . 

Proof. It is easy to check that M k and are also ideals of L for any fc. We shall proof the first 
embedding by induction on fc for any n. 
If fc = 2, then 

£| ] (M) = [M,M,M,...,M] r = [[[M,M],M],...,M] = [[M [2] , M], . . . , M] C M [2] . 
Suppose that the statement holds for some fc and we will prove it for k + 1. 

4 fe+1] W - [[[4 feI W,4 fel W],4 fe ](M)],...,4 fe ](M)] c 

C [[[M[ fc ],M[ fc ]],Af[ fc ]],...,Af[ fc ]] = [[M^ k+1 \M^%...,M^] C M^. 
The second inclusion is established in a similar way. □ 

Lemma 4. 6. 

M [tk+i] g £[f+ 1 l( M ) i ^gre fc G N and t is a natural number such that 2* > n. 

Proof. Since M^l C M[ p+? 1 for any p, g e N, it is sufficient to prove embedding for the minimal t such 
that 2* > n. 

We shall use induction. If n = 3 then t = 2. 

For fc = 1 we have 

M [3] = [ M [ 2 1,M [21 ] = [M [2] ,[M [1] ,M [11 ]] C [[M [2] ,M [11 ],M [1] ] C [M [1 \ M [1 \ M [ \ <Z cf {M) . 
Suppose that the statement holds for some k and we will prove it for k + 1. 

M [2(fe+1)+1] =M [2fe+l+2] = rr M [2fe+l] jM [2fe+l]i r M [2fe+l] )M [2fe+l]ii g 

c [[ M [ 2fc + i ],M[ 2fc+i ]],M[ 2fc + 1 ]] c [4 fc+1] (M),4 fc+11 (^),4 fc+11 (M)] r = 4 fe+21 w- 

Let us prove the statement for any n. 
Since 2* > n for fe = 1 we get 

M [t+i] cm 2 ' = [[mW,mW],...,mW] C [[mNm' 1 '],...^! 1 '] =4 2] (M). 

2* —times n— times 

The following chain equalities and inclusions 
M [t(k+i)+i] =M [tk+i+t] = ^ M [tk+i]^[t+i] <- ^ M [tfc+i]^2* = [[[jv/[*fc+ 1 ] ? jvf [* fc + 1 l] 3 . . . 5 M [ * fe+1] ] C 

S ' v ' ' ' 

2* —times 

C [[M[* fe+1 ],M[*' s+1 ]],...,M[ tfe+1 ]] C [[C [k+1] (M),C l n +1] {M)],...,C [k+1] {M)} = C [k+2] (M) 

v ' V v ' 

n — times n~times 

complete the proof of the lemma. □ 

Further we shall need the following lemma. 
Lemma 4.4. M nk - k+1 = C k+1 (M). 
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Proof. The proof goes again by induction on k for any n. 
If k = 1, then 

M n = [... [[M, M],M], M] = [M, M, . . . , M] r = C 2 n (M). 
v * ' 

n— times 

Applying induction in the equalities 

M n(fc+l)-fc-l + l =M nk-k+l+n-l = [,..[[M nfe - fe+1 ,M],M],...,M] = 

S v ' 

n—1— times 

= [M nk - k+ \M, M] r = [£* +1 (M), M, . . . , M] r = £ k+2 {M) 
we complete the proof of the lemma. □ 

We denote by 

R— solvable radical of L, i.e. the maximal solvable ideal of the Leibniz algebra L; 

R n — n-solvable radical of L, i.e. the maximal n-solvable ideal of the n-ary algebra £ n (L); 

N— nilradical of L, i.e. the maximal nilpotent ideal of the Leibniz algebra L\ 

N n — ra-nilradical of L, i.e. the maximal n-nilpotent ideal of the n-ary algebra C n (L). 

Proposition 4.5. For a Leibniz algebra L we have R = R n . 

Proof. Lemma T4.2I implies that any solvable ideal of L is also n-solvable. Therefore, it is sufficient to 
prove the inclusion R n C R. From Lemma \A. 31 it follows that R n is a solvable subalgebra of L. Thus, 
we need to prove that R n is an ideal of L. According to Theorem 12.31 we can write L = S © R, where 
S is a simple Lie algebra, R is a solvable ideal. Let 7r : L —t S be the natural quotient map. 
Since n is a morphism of L, we have 

ir([L,L,...,L,R n } r )=n([[[[L,L],L],...,L],R n ]) = 
= [[[[tt(Z')) 7r(£r)], 7r(i)], . . . , n(L)}, ir(R n )] = [[[[S, 5], 5], . . . , S], ir(Rn)] = [S,7r(R n )}. 
On the other hand, 

%([L,L, . . .,L,Rn]r) C n(R n ). 

Hence, [S, 7r(i?„)] C 7r(i? n ). Taking into account that S is a Lie algebra we obtain [7r(i?„),5] C 
7r(i?„). Therefore, ir(R n ) is an ideal of S. Since R n is an n-solvable ideal of L, 7r(i?„) is an n-solvable 
ideal of S, consequently ir(R n ) is a solvable ideal (because n(R n ) is an ideal of S). 

Due to semisimplicity of S we get 7r(i?„) = 0, which implies R n C R. □ 

Lemma 4.6. Let I be an ideal of the Leibniz algebra L and d G LDer n (L) a Leibniz- derivation for 
some neN. Then 

CW(d(I))CI + d nk -\£W(I)) 

for all k 6 N. 

Proof. Evidently d(L) C / + d(I) holds. For k = 2, using (3.1), we have 

4? (d(J)) = [d(I),d(I), . . . , d(I)] r Cd([I,I,..., I] r ) + 

+ E , ,, r , i ^ 1 • • • ' ■ • • . ^i 1 ^ Q 

h + *2 H h = n 

3ij = 

C/ +C T(£[ 2 ](7)). 

Assume that £„ (d(7)) C I + d n (£„(/)). Again using (3.1), we verify the inclusion for fc + 1 : 

4 fe+1] TO) = [4 fc] TO),4 fc] TO),--->4 fe] TO)]r c 
c [/ + d^ 1 (4*i (j)), j + d-^ 1 (4 fc i (/)), ...,/+ d" fc " (4 fe i (/))] r c 
c / + d nk ([4 fe i (/), 4*] (/),..., 4 fc i (/)] r ) c i + d nk (4 fe+1 i (/))). 

□ 

Theorem 4.7. Lef R be the solvable radical of a Leibniz algebra L over a field of characteristic zero. 
Then d(R) C R for any d G LDer n (L). 
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Proof. Let d be a Leibniz-derivation of order n. Due to Proposition 14.51 R — R n , so it is enough to 
prove the assertion of the Theorem for R n . 

Since R n is a n-solvable radical, there exists s e N such that £n\R n ) = 0. Then by Lemma [4.61 
£^(d(R n )) CR n + d^^iC^iRn)) = Rn- Thus, we have £ l n ] {R n + d(R n )) C R n . 

Further, 

£t~ 1] (Rn + d(R n )) C £W(£W(i?„ + d(Rn))) C (i?„) = 0. 
The n-ideal property of i?„ + d(R n ) follows from the following equalities: 

[^1 ) • • • j 1% ~t~ d{li ),..., l n ^ r — [/i , . . . , \{ , . . . , ln\ r -\- \J \ , . . . , d(li) , . . . , ln\r 

n 

[ll, . . . , li, . . . , l n ]r + d([ll, . . . , k, . . . , l n ]r) — J]] [h, • • • , d(lj), . . . , l n ]r- 

Hence R n + d(R n ) is an n-solvable ideal of the Leibniz algebra L. Since R n is the n-solvable radical 
of L, it follows that R n + d(R n ) C _R„, therefore d(R n ) C R n . □ 

Lemma 4.8. Let I be an ideal of the Leibniz algebra L and d £ LDer n (L) a Leibniz-derivation for 
some neM. Then 

£ k n (d(L))CL + d kn - k+1 (£ k n (I)) 

for all fceN. 

Proof. For k — 1 the assertion of the lemma is obvious. Let k = 2, then using the formula (3.1) we 
have 

£ 2 n (d(I)) = [d(I),d(I), d(I)] r C d([I, I,..., I] r )+ 

h + h -\ \-i n = n 

3ij = 

CJ + <T(/*(I)). 

Assume that £^{d{I)) C i + d kn ~ k+1 (^(L)) . Applying the formula (3.1), we prove the inclusion 
for k + 1 : 

£ k+1 (d(I)) = [^K7)),(d(/)),...,(d(J))] r C [J + d fe "- fe + 1 (^(/)),d(/),...,d(/)] r C 

C [I + d kn-k+l+n-l^ c [k] ^ j ) C I + d (fc+1) "- fe (^ +1 (/))). 

□ 

Invariant property of nilradical of a Leibniz algebra under a Leibniz-derivation is presented in the 
following theorem. 

Theorem 4.9. Let N be the nilradical of a Leibniz algebra L over a field of characteristic zero. Then 
d{N) C N for any d G LDer n (L). 

Proof. The proof is similar to the proof of Theorem 14.71 □ 

Next result establish properties of weight spaces with respect to a Leibniz-derivation of a Leibniz 
algebra. 

Lemma 4.10. Let L be a complex Leibniz algebra with a given Leibniz-derivation d of order n and 
L = L a © L/3 © • ■ ■ © L 7 the decomposition of L into weight spaces with respect to d (i.e. L a — {x € 
L : (d — al) k x = for some k} ). Then 

if a>i + a 2 + ■ ■ ■ + a n is not a root of d 

L ai +a 2 A ha„ if ai + 0*2 + ■■■ + a n is a root of d. 



Proof. First observe that 



(d - (ai + a 2 H h a n ) ■ l)[xi,x 2 , ■ ■ ■ ,X n ] r = 

n n n 

^ [^l,...,d(x^),...,X n ] r ^ [%1 ) • • • j CtiXi , . . . , X n ] r — ^ \pl\ ) • • • ) {d CV{ l)Xj , . . . , X n ] r . 
i—1 i—1 i—1 

Similarly to Lemma [3.111 by induction on k we get the following equality: 



(d — (ai + Q!2 H h a n ) ■ l) fc [a;i,a;2 



, . . . , ^ n j r 
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Y . , . f ! . , [(d - a x ■ l)^xi, {d-a 2 - l) h x 2 , ...,{d-a n - l) in x n ] r (4.1) 

' l\\l 2 \ ■■■l n - 

ii+i2-\ Mn=* 

for any Xi £L ar 

Consider Xi £ L ai , 1 < i < n. Then there exist natural numbers ki such that (d — a.i ■ l) ki (x) = 0. 

n 

Taking k = ki in (4.1), we have 

i=l 

(d - (ai + a 2 H h a n ) • l) fe [#i, £2, ■ • ■ >x n ]r = 

which completes the proof. □ 

Similarly as in |17j we have the existence of an invertible Leibniz-derivation of nilpotent Leibniz 
algebra. 

Proposition 4.11. Every nilpotent Leibniz algebra with nilindex equal to s has an invertible Leibniz- 
derivation of order [|] + 1. 

Proof. Let L be a Leibniz algebra with nilindex equal to s and set q = [#] + 1. Consider the vector 
subspace W of L complementary to L q , i.e. L = W + L q . Define the map P by the following way: 

= f x ifxeW, 
v ' \ qx if x e L q . 

It is easy to check that P is a Leibniz-derivation for L of order q. □ 

Below we present one of the main theorems of the paper. 

Theorem 4.12. Let L be a complex Leibniz algebra which admits an invertible Leibniz- derivation. 
Then L is nilpotent. 

Proof. Let d be an invertible Leibniz-derivation of order n of the Leibniz algebra L and 

L = Lp 1 Lp 2 • • • ® Lp 8 

be the decomposition of L into characteristic spaces with respect to d. 
Let a,/) € spec(d). Then by Lemma 14.101 we have 

[L a , Lp,L/3, . . . , Lp] r = [... [[L a ,Lf3],Lp,] . . . ,Lp] C L a+ r n -i)p- 

" v ' " v ' 

n—1— times n—1 — times 

Considering fc-times of the n-ary multiplication we have 

[• • • [[L a ,Lp, Lp, . . . , Lp] r , Lp, Lp, . . . , Lp] r , . . . ,Lp,Lp, . . . , Lp] r = 



n — 1— times n — 1 — times n — 1 — times 



k — times 

= [. . . [[L a , Lp],Lp, ] ■ ■ ■ , Lp] C L a+ k( n -l)p. 

V 

k(n—l) — times 

Since for sufficiently large k £ N we obtain a + k(n — l)/3 spec(d), by Lemma [4.101 we obtain 
[. . . [[L a , Lp],Lp, }. . ., Lp] = 0. 

" v ' 

k(n—l) — times 

Thus, any operator of right multiplication R x : L — > L, where x € Lp, is nilpotent and, due to the 
fact that a, j3 were taken arbitrary, it follows that every operator from Ui=i Lt(L Pi ) is nilpotent. 

Now from identity (2.1) and Lemma 14.101 it follows that \Jj—iR(L pi ) is a weekly closed set of 
an associative algebra End(L). Hence, by Theorem 12.61 it follows that every operator from R{L) is 
nilpotent. 

Hence, R x is nilpotent for any x G L. Now by Engel's Theorem fTheorem l2.7|) we conclude that L 
is nilpotent. □ 

Finally from the Theorem 14.121 and Proposition [4JJ] we get the analogue of Theorem 1 1.1 1 for Leibniz 
algebras. 

Theorem 4.13. A Leibniz algebra over a field of characteristic zero is nilpotent if and only if it has 
an invertible Leibniz-derivation. 
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